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Theoretical Investigation of Optically Induced
Director Oscillations in Nematics

GABOR DEMETER* and LORENZ KRAMER

Physikalisches Institut der Universitdt Bayreuth,
D-95440 Bayreuth, Germany

We report on efforts to develop a theory to understand director
oscillations that are generated when a linearly polarized light-wave
falls on a homeotropically aligned nematic at a slightly oblique angle.
The results of various approaches are compared with each other and
to experimental results.

Keywords: Light-Induced Fréedericksz Transition; Chaos; Dynamical
phenomena;

INTRODUCTION

The orientational nonlinearity of nematic liquid crystals has been
investigated intensively for decades both theorctically and experi-
mentally [1]. Light induced dircetor reorientation occurs when the
intensity of the light incident on the LC is sufficiently large so that
the orienting cffect of the clectric field of the light overcomes the
elastic forces opposing reorientation in the nematic. The simplest
of all these phenomena is the ordinary Light-Induced Fréedericksz
Transition (LIFT). Some of the more complex phenomena in this
field are the various director oscillations that can occur in certain
geometries, for example the director precession induced by circularly
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and elliptically polarized light [2, 3].

One particular geometry of light-induced director reorientation
that has aroused considerable interest is the case of a linearly po-
larized plane wave incident on a thin cell of homeotropically aligned
nematic LC at a small angle o (Fig.1). The direction of polarization
is perpendicular to the plane of incidence (ordinary wave). Exper-
iments revealed that as the intensity of the light is increased the
director experiences various oscillatory regimes. These oscillations
are at first periodic and regular, but at higher intensities various dy-
namical phenomena and even a transition to chaos can be observed
[4, 5]. The experimental data was, however, somewhat difficult to
interpret in a number of cases, for example the exact route through
which the system becomes chaotic was unclear. This promted contin-
uing interest in trying to develop a theory that would help interpret
observations.

LC
Qog homeotropic
%géé) alignment

S5 hard anchoring

0
10-100 um v/

FIGURE 1: Geometry of the setup: an ordinary wave inci-
dent at a slightly oblique angle upon a cell of nematic LC with
homeotropic orientation.

THEORY OF LIGHT-INDUCED DIRECTOR
OSCILLATIONS

The basic equations that describe the gystem are well known, but
rather difficult to handle. The equations of motion contain: 4) the
elastic stresses that arise when the orientation of the nematic direc-
tor is inhomogeneous, i) the torque that the electrical field of the
light exerts on the director and #4i) viscous dissipation. Furthermore,
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the electric field of the light has to be calculated from the Maxwell
cquations. Since these contain a diclectric tensor that depends on
the director, we have a set of equations that is very difficult to tackle.

To have a hope of obtaining answers, one has to resort to a
number of approximations. The most important is the assumption
that director components depend only on the z coordinate, i.e. they
change only in the direction transverse to the cell. We can then use
the plane wave approximation for the light, assuming the diameter
of the beam is much larger than the thickness of the layer.

An important simplification results from the hard anchoring
condition, as it allows us to write the director as a sum of sine
functions: e.g. ny, = Aysin(mrmz/L), n, = Bpsin(rmz/L). On
observing the structure of the equations, one can see that the elastic
damping of m-th mode is proportional to m?, while the excitation is
proportional to the intensity of the light. We can therefore expect
that eventually only a finite number (possibly only a few) modes
will be important, i.e. the equations will reduce to that of a finite
dimensional dynamical system. In this case the oscillations can be
described in terms of these few modes whose time evolution is gov-
erned by a set of nonlinear ordinary differential equations (ODE-s).
The control parameters of the problem are the angle of incidence «
and the intensity of the light p.

This latter property has been exploited directly in some of the
theoretical works, though not all. The first step in developing a the-
ory for the director oscillations is a thorough investigation of the
linear stability of the homeotropic state, which can be performed
analytically using this mode expansion technique [6, 7]. The results
show that the homeotropic state is unstable in a stationary bifurca-
tion for perpendicular incidence of the light and for very small angles.
As the angle of incidence is increased, however, the primary bifur-
cation of the homeotropic state becomes a Hopf bifurcation. The
lines of the stationary and the Hopf bifurcations join in a so-called
Takens-Bogdanov point, where the basic state possesses a double
zero eigenvalue. Figure 2 shows this, calculated for a layer of 50um
thickness with material parameters corresponding to the nematic E7
[7] which has been used in most experiments. It can also be seen
that the threshold intensity increases sharply with the angle of in-
cidence past the Takens-Bogdanov point. This region proved to be
less interesting than the regime of lower angles.
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FIGURE 2: The linear stability of the homeotropic state on
the plane of the control parameters o (angle of incidence) and
p (intensity of light normalized by the Fréedericksz intensity).
The grey area is the unstable region.

NONLINEAR BEHAVIOUR

To go beyond the linear stability analysis and explore the non-
linear regime, the above mentioned mode expansion has been used
to derive a set of three coupled nonlinear ODE-s for the amplitudes
Ay, By, By [7). This is the simplest model that can be expected to
describe the system, as it contains only three modes (the minimal
number required for chaos) and cubic nonlinearities. This model
shows that after the initial instability, there are two stable station-
ary states (fixed points) which correspond to a stationary distorted
state of the nematic. There are two states because of the y — —y
symmetry the system possesses - which means that the model equa-
tions are invariant under the transformation S : B; — —B;. These
stationary states also loose stability as the intensity increases. This
is a Hopf bifurcation and two limit cycles are born which are mutual
images under S. These limit cycles then become homoclinic orbits
to the origin (which represents the homeotropic state) at a certain
intensity and join to form one single, symmetric limit cycle above
that. This is known as a gluing bifurcation and even though a dou-
ble length limit cycle is created, it is quite different from a period
doubling, as the period at the bifurcation point is infinite. Figure 3.
shows this sequence of events.

After the first gluing, the symmetric limit cycle undergoes a
symmetry-breaking instability in which two asymmetric limit cycles
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FIGURE 3: The first gluing bifurcation: the two limit cycles
born in the secondary Hopf bifurcation (a) become homoclinic
orbits to the origin (b) and glue to form a single, double-length
limit cycle (c¢). The calculation has been performed for a layer

of B0um thickness with material parameters corresponding to
E7 [7].
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FIGURE 4: (a) The two asymmetric limit cycles born in the
symmetry-breaking bifurcation after the first gluing. (b) Ho-

moclinic orbits in the second gluing bifurcation.

attractor after an infinite number of gluing bifurcations.

(¢) Strange
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are born, mutual images under S (Fig 4.a). Then these two limit
cycles glue together to form a single, symmetric, quadrouple length
limit cycle in the next gluing bifurcation (Fig 4.b). In what follows,
symmetry-breaking and gluing bifurcations follow each other, always
doubling the length of the limit cycle until (after an infinite number
of bifurcations) a strange attractor is created. This interesting route
to chaos was discovered long ago [10], but has never been observed
in any real system.

Bifurcation diagram 1. — model equations

1
! 1.5 2
p

2.5 3

FIGURE 5: The bifurcation diagram calculated from the model
equations. The lines shown are 1) primary bifurcation of
the homeotropic state 1b) the primary Hopf bifurcation of the
homeotropic state, 2) the secondary Hopf bifurcation of the sta-
tionary distorted state and 3) the first gluing bifurcation.

The bifurcation diagram on the intensity - angle plane as cal-
culated from this model is shown in Figure 5. Both the lines of
the secondary Hopf and first gluing bifurcations end in the Takens-
Bogdanov point. It is remarkable that the beginning of the sequence
of events described so far can be used to interpret experimental ob-
servations [5] to a great extent. Periodic limit cycles in the model
correspond to regular oscillations in the experiment. The region of
the first gluing gives rise to a stochastic regime experimentally, as
limit cycles passing very close to each other mean that the system has
a chance to "hop” between them due to noise. This stochastic regime
in the experiment is again followed by periodic oscillations (the dou-
ble length limit cycle) and then a second stochastic regime, which
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can be identified with the situation after the symmetry-breaking in-
stability. Here, once again the system has a chance to make random
jumps between limit cycles. The intensities at which cach of these bi-
furcations is supposcd to occur, however, do not agree quantitatively
with the exerimental values.

The model can also be used to gain physical insight into the
reasons for the director oscillations at the onset. First we note that at
angles above the Takens-Bogdanov point, where the primary insta-
bility of the homeotropic state is a Hopf bifurcation, the electric field
of the light wave is stongly distorted by even a slight reorientation
of the director. If the reorientation is proportional to sin(wz/L), the
field that develops is such that it excites the second reorientation
mode sin(2rz/L). Conversely, if the reorientation is proportional
to sin(2nz/L), the field that develops drives the first reorientation
mode. Hence the oscillation can be understood as a competition
between the two reorientation modes, that are coupled by the field.
For angles bellow the Takens-Bogdanov point, we note that the ini-
tial stationary distorted state is such that the angle between the
incident wave and the director increases, i.e. if &k, > 0, then n, < 0.
As the intensity increascs, so does the director reorientation up to the
point where stability is lost in a Hopf bifurcation. So the mechanism
leading to the oscillations can be very similar to the one described
for the homeotropic state. As for the gluing bifurcations or chaotic
regime, it is very difficult to give such a simple physical picture, as
the motion is much more complex.

To get more accurate values for the threshold intensitics for
the bifurcations we must resort to a direct simulation of the director
equations [8] which allows us to relax most of the approximations
used in deriving the model equations. It turns out that while some
of the bifurcations described above can also be seen in the simula-
tions, the threshold intensities do indeed become very different. The
bifurcation diagram that was calculated from the simulations can be
seen on Figure 6. The line of the first bifurcation follows a very dif-
ferent path accross the parameter plane, even though the sequence
of events leading to the first gluing is the same as for the model. The
quantitative agreement with experiment is somewhat better in this
case, but is still far from perfect. While the intensity for the first
gluing obtained from the model seems to be too low compared with
experiment, the value given by the simulations seems to be too high.
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Bifurcation diagram 2. — simulation
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FIGURE 6: The bifurcation diagram calculated from numerical
stmulations. The lines shown are the same as on Figure 5.
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FIGURE 7: The evolution of the system calulated from the stm-
ulations: (a) An asymmetric limit cycle after the symmetry-
breaking bifurcation (only one is shown) (b) Asymmetric
strange attractor after the perion doubling scenario. (c) Sym-
metric strange attractor.

The reason for the discrepancy is not known at the moment.

At higher intensities we find qualitative differences between the
predictions of the model equations and that of the simulations. As
opposed to the model, which suggests that the system reaches chaos
through a sequence of gluing bifurcations, the simulation suggests
that after the symmetry-breaking bifurcation creates two asymmetric
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limit cycles (Fig.7(a)), these go through a period-doubling scenario
(Fig.7(b)). The asymmetric strange attractors then join in a ”gluing”
bifurcation to form a symmetric strange attractor very similar to that
appearing in the model (Fig.7(c)).

As a conclusion, we can say that the nonlinear behaviour de-
scribed by the model and the simulation have been very helpful in
interpreting experimental observations for moderate intensity values.
A sequence of periodic and stochastic regimes can be explained quali-
tatively by a gluing bifurcation and a symmetry-breaking bifurcation
that follows it. However, nonlinear behaviour and chaos at higher
intensities is not yet completely understood.
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